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Let L/K be a Galois extension of algegraic function fields in one variable with 
Galois group G. Let JK and Jr. be the divisor classes of degree zero in K and L, 
respectively. A study is made of the kernel and cokernel of the natural map 
from JK to JrG. 
INTRODUCTION 
Let K/k be an algebraic function field in one variable over a perfect constant 
field k. Let L/K be a finite Galois extension having the same constant field 
as K. Set G = G(L/K) and JL equal to the divisor classes of degree zero of L. 
There is a natural map 01: JK + JL G. We will investigate the kernel and 
cokernel of this map. The kernel is not hard to characterize. It is more 
difficult to analyze the cokernel. We shall give a cohomological description 
of it and exploit this in various ways. 
When k is finite and G is cyclic, we obtain a formula for 1 JLG /. (I S 1 denotes 
the number of elements in a set S.) This formula generalizes and sharpens a 
classical formula due to Schmidt and Moriya [9]. From this we are able to 
deduce an analog of a well-known result of Iwasawa [5] which holds in 
algebraic number fields. 
Our methods enable us to give new proofs of some results of Madan 
(see [7, 81). In particular we give a new proof of the theorem which states 
that when L/K is Galois and k is finite, then the class number of K divides 
the class number of L. 
In addition to the class number it is interesting to investigate the rank of 
the class group. In this connection we prove a theorem (Theorem 14) which 
apparently has no analog in the case of number fields. Here, as elsewhere, the 
property which makes function fields more tractable than number fields is 
the simple nature of the units. 
Finally, we consider the situation when k is algebraically closed. Among 
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other things we are able to give a new proof and generalization of a theorem 
of F. Sullivan which deals with the points of order p on Jt , in the case where 
k is of characteristic p. 
1. PRELIMINARIES~ 
To begin with, K will denote either a number field or a function field, and 
L/K a finite Galois extension with group G. The principal divisors, divisors, 
divisor classes, and units of K will be denoted by PK, D, , C, , and UK . 
Similarly for L. Let P, , P2 ,..., Pt be the primes of K which are ramified in L 
and e, , e2 ,..., e, , the respective ramification indices. 
THEOREM 1. The following sequences are exact. 
(A) (0) --f H1(G, U,) - DLG/PK - CLG - H1(G, PL) - (0). 
(B) (0) + C, + DLG/PK - z Z/eiZ - (0). 
Proof. From (0) -+ Z-J, --f L* ---f PL + (0) and Hilbert’s Theorem 90 we 
deduce that PLG/PK w H1(G, U,). From (0) - Pr. + DL - C, --f (0) and 
H2(G, DL) = 0 we deduce 
(0) ---f PLG ---f DLG + CLG --f Hl(G, PL) -+ (0) 
is exact. Dividing the first two terms by PK shows sequence (A) is exact. 
Since C, = DK/P, , sequence (B) will be shown to be exact if we can show 
DLcIDK = C Z/eJ. Let P be a prime of K and P = (pPlY2 ... go)” = Q(P)” 
be the prime decomposition of P in L. Then it is easy to see that the divisors 
{Q(P) 1 P a prime of K} constitute a free set of generators for DLG. The result is 
now immediate. 
THEOREM 2. (A) ZfH2(G, U,) = 0, then H1(G, P,) = 0. 
(B) Zf G is cyclic, H1(G, P=) w WjN,,,lJ, where W = U, n NLIKL*. 
(C) ZfK is a gIobaIJield and at most one prime ramifies, then N1(G, PL) M 
H2(G, UJ. 
Proof. From (0) -+ U, + L* + PL, -+ (0) and Hubert’s Theorem 90 
we deduce (0) + HI(G, PL) --f H2(G, U,) j6 H2(G, L*) is exact. 
Part (A) follows immediately. If G is cyclic and M any G module, then 
H2(G, M) is isomorphic to the fixed elements of M modulo the norms. Thus 
/3 transforms into the natural map from UKjN&YL to K*/N,,,L*. This 
proves part (B). 
1 A portion of the cohomological calculations given here are contained in unpublished 
course notes of Iwasawa [6]. 
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To prove part (C) we need class field theory. Let P be a prime of K and B 
a fixed prime of L lying above P. Let Lp and KP be the completions of L and K 
at B and P, respectively. Let G,* C G be the decomposition group of 8. Then 
Gg M G(LJ/Kp). Finally, let n = [L : K] and n(P) = [Lg : &I. Local class 
field theory shows there is an isomorphism inv, which maps H2(Gy , L.9*) 
injectively onto the group (l/n(P))Z/Z. Global class field theory shows there 
is an exact sequence 
(0) + H2(G, L*) 5 c H2(GB , L,q*) -% (l/f!) Z/z - to), 
OIP 
where i is obtained by combining the local restriction maps and inv is the 
sum of the local invariant maps. The sum of course is over all primes P of K. 
If B / P is unramified, then the composed map H2(G, U,) ---f H2(G, L*) -+ 
H2(Gy, Lp*) is the zero map. This is because G9 is cyclic in this case and in 
the local unramified situation Lq/K, every unit is a norm. Thus if at most 
one prime ramifies, i 0 p will have zero components except possibly at the 
one ramified prime, but since the sum of the local invariants is zero, the 
exception does not exist. Thus i 0 /3 is the zero map. Since i is one to one, /I is 
also the zero map. This proves part (C). 
By combining Theorems 1 and 2 it is possible to give a unified proof for a 
number of scattered results on the behavior of class group extensions in 
number fields. Unfortunately this would lead too far away from our main 
subject matter, so we avoid this digression. 
From now on we assume K is a function field with field of constants k 
and that L has k as constant field as well. We will assume further that K has 
a divisor of degree 1. This is always the case if k is either finite or algebraically 
closed. 
Let deg, denote the degree map on DK , Dxo the divisors of degree zero, 
and JK = DKo/PK the divisor classes of degree zero. Similarly for L. If D is 
a divisor of K, then deg, D = [L : K] deg, D. (See, for example, [3].) 
Theorems 1 and 2 give information about the group of divisor classes. 
In function fields the divisor classes of degree zero are the center of interest 
and so we will have to supplement our discussion. We begin with the definition 
of two important invariants. 
DEFINITION 1. Let P, , P, ,..., Pi be the primes of K ramified in L. 
@L/K) is defined by 
W/K) = h (n/e,> de& PI ,..., Wd deg, Pd. 
Here, as elsewhere, n = [L : K]. 
DEFINITION 2. deg, CLG is an ideal in Z. We define d(L/K) to be the 
positive generator of this ideal. 
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Starting with Theorem 1, part (B) and the relation deg, D = [L : K] deg, D, 
we derive the following commutative diagram. 
(0) -+ CK - DLG/PK - c Z/e+Z ---f (0) 
dew/ n b% /A 
(0) + z - __f Z/nZ - (0). 
h is the map induced on C Z/eiZ by deg, . It will play an important role 
in what follows. 
PROPOSITION 1. The image of h is a cyclic of order nS(L/K)-I. The kernel 
of h has order elez *.a e&L/K) n-l. 
Proof. Let P be a prime of K and P = (P&Y, ... P’,)” = Q(P)” its prime 
decomposition in L. Then deg, Q(P) = g deg, 8, = gfdeg, P, where 
f = f(g/P) is the local degree (see [3]). Now efg = n so that,fg = n/e and so 
deg, Q(P) = (n/e) deg, P. 
Since the @5(P) generate DLG, we deduce that 6(L/K) is a generator of the 
ideal deg,(DLG) C Z. (Note that we here use the existence in K of a divisor 
of degree 1.) 
The size of the kernel and image of X now follow easily from its definition. 
Notice that if every ramified prime has degree 1, then 6(LjK) = 
n/k, e2 I..., et], where the brackets denote least common multiple. Also, 
if n = 8 a prime, then 6(L/K) = 4 if G divides the degree of every ramified 
prime and &L/K) = 1 otherwise. 
We are now in a position to modify Theorem 1 in a manner appropriate 
for function fields. 
THEOREM 3. If L/K is aJinite Galois extension of function fields with the 
same constantJield k, then the following sequences are exact. 
(A) (0) -+ Nl(G, k*) -+ D:‘/P, -+ JtG -+ W(G, PL) + r-+ (0), where 
r is a cyclic group of order &L/K) d(L/K)-‘. 
(B) (0) -+ JK -+ D~G/PK -+ ker X + (0). 
Proof. The exactness of the first three terms in (A) follows from Theorem 1 
and the obvious fact that a divisor class of finite order has degree zero. 
Let 01 be the map from Di’/P, -+ JL G. We will be done if we can show 
(0) -+ coker 01 + Hr(G, PL) --f r - (0) is exact. This, however, follows 
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from the following commutative diagram, the snake lemma, and Theorem 1, 
part (A). 
(0) --f D”,” ---f DLG 2 6(L/K-) 2 ---f (0) 
(0) --f JLG + CLG - 
The number 6(,5/K) is fairly easy to compute if L/K is given explicitly, 
but d(L/K) is a more subtle invariant. The following theorem gives some 
information about it. 
THEOREM 4. If 6(L/K) = 1, then d(L/K) = 1. Let ii be the algebraic 
closure of k and suppose H2(G, k*) = 0. If L/K is either unramtjied or tf all 
the ramtjiedprimes have degree 1, then d(L/K) = 6(L/K). 
Proof. The first assertion is obvious since d(L/K) divides 6(L/K). 
If L/K is unramified S(L/K) = n and if all ramified primes have degree 1, 
then 6(L/K) = n/[el, e2 ,..., et] as we have remarked previously. 
Let L and ff be derived from L and K by constant field extension to E. 
The ramified primes P, ,... , Pt extend uniquely to R and their extensions are 
the primes of K ramified in L. Moreover, the ramification indices e, ,..., e, -- 
do not change. Thus &L/K) = @L/K). 
Since H2(G, E*) = (0) by hypothesis, we have H1(G, P,F) = 0 (see -- 
Theorem 2, part (A)). Applying Theorem 3, part (A), we conclude 6(L/K) = 
d(E/K). 
For a separable constant field extension the map C, -+ CL is an injection. -- 
Moreover, the group G can be thought of as G(L/K) and we have CLG -+ CEG 
is one to one. Since the degree of a divisor does not change under constant -- 
field extension, we conclude d(L/K) divides d(L/K). But we have seen -- -- 
&L/K) = &L/K) = d(L/K). Thus 6(L/K) divides d(L/K). In general it is true 
that d(L/K) divides &L/K). Thus under the hypotheses of the theorem, 
&L/K) = d(L/K). 
We isolate out the following special case for later use. 
COROLLARY. IfL/K is cyclic and unram$ed, d(L/K) = &L/K) = n. 
It is to be remarked that it is not always true that &L/K) = d(L/K). We 
will provide a counterexample later (Theorem 18). 
The following theorem is a slight generalization of a result of Accola [l]. 
THEOREM 5. Let M be the maximal abelian unramtfied extension of K in L. 
Then the kernel of the natural map from JK to JL is isomorphic to 
Hom(G(M/K), k*). 
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ProoJ If L/K is unramified, then by Theorem 3 the kernel of JK -+ JL 
is HI(G, k*) m Hom(G, k*) M Hom(G/[G, G], k*) = Horn (G(M/K), k*). Thus 
the theorem is true in this case. 
In the general case, let E be the maximal solvable unramified extension of K 
in L. Then Hom(G(E/K), k*) = Hom(G(M/K, k*), so we will be done if 
we can show Je --f J, is one to one. To do this we will assume that a non- 
principal divisor D of E becomes principal in L and deduce from this the 
existence of a proper unramified abelian extension of E in L. This is a 
contradiction. 
Suppose D = (a), where 01 EL. Let g E G(L/E). Then D = Da implies 
CP = x(u)“, where x(u) E k *. One sees easily that x E Hom(G(L/E), k*). Let 
m be the order of x. We must have m > 1 since otherwise a E E and D is 
principal in E. Now au = x(g)” for all 0 E G(L/E) shows cP = a E E. 
Moreover, (a) = mD. It follows from Kummer theory that E(or)/E is a 
nontrivial abelian unramified extension of E in L. This cannot exist and so 
JE -+ JL is one to one as asserted. 
COROLLARY. JK --+ JL is one to one if either G has no abelian quotients or 
there is some prime of K totally ramtjied in L. 
2. APPLICATIONS WHERE k IS FINITE 
Throughout this section we assume k is a finite field with q elements. 
As is well known, the group Jx is fmite when the constant field of K is finite. 
We set hK = 1 JK I and call hK the class number of K. 
THEOREM 6. Suppose L/K is cyclic and unramtjied of degree n. Then the 
kernel and cokernel of JK -++ JLG are both cyclic of order (n, q - 1). In 
particular I JK 1 = I JLG I. 
Proof. By the corollary to Theorem 4 we have B(L/K) = d(L/K). Using 
this, the hypotheses, and Theorem 3, we have 
(0) + IP(G, k*) -+ JK + JLG + W(G, PL) + (0) 
is exact. 
Using part (C) of Theorem 2, we find HI(G, PJ M H2(G, k*) M k*/k*n. 
This latter group is cyclic of order (n, q - 1). So is the group P(G, k*) = 
Hom(G, k*). This completes the proof. 
THEOREM 7 (M. Madan [S]). L/K a GaIois extension. Then hK divides h, . 
Proof. A simple reduction shows it is sufficient to treat the case where G 
is simple. If G is nonabelian, then hK I hL. by the corollary to Theorem 5. If G 
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is simple and abelian, then it is cyclic of prime order. In this case any ramified 
prime is totally ramified. If there is some ramification, the result follows from 
the corollary to Theorem 5; if the extension is unramified, it follows from 
Theorem 6. 
Our next goal will be to find a formula for JLG in the case where G is cyclic. 
The final result will be a formula in which all the terms are reasonably easy 
to compute except the annoying invariant &5/K). In two special situations, 
however, this invariant will not appear. We afterwards consider in some 
detail the special case where G is cyclic of prime order. 
DEFINITION 3. For a prime P of K let e be its ramification index in L and 
d = deg, P. We define 
m(P) = (qd - l/(qd - 1, e), q - 1). 
Finally, we define m(L/K) = (m(Pl) ,..., m(P,)), where P, ,..., Pt are the 
primes of K ramified in L. 
PROPOSITION 2. Suppose G is cyclic and set W = k* n N,,,L*. Then W 
is a cyclic group of order m(L/K). 
Proof. By class field theory an element of K is a norm if and only if it is a 
norm everywhere locally. 
Let P be a prime of K and B a prime of L lying above P. In the local 
situation Lg/Kp , let M, be the maximal unramified intermediate extension. 
By the local structure theory there exist finite fields kp and k, in Kp and M, , 
respectively, and elements T E Kp and U E Ly such that 
KP = k,(V)), Mp = k,((T)), .b = kp(W)). 
Moreover, [kp : k] = deg, P = d, and [L9 : M4] = e. It is now easy to see 
an element 01 E k, C M, is a norm from LB if and only if it is an e’th power. 
Also, every element a E kp C Kp is a norm from Mp . Using the transitivity 
of the norm, we conclude that a E kp C KP is a norm from Lg if and only if it 
is an e’th power. If a E k, it is thus a norm at P if and only if a E k* n k$Y. 
One easily sees that the order of this latter group is m(P). W is the intersection 
of all these groups, so the order of W is m(L/K) as asserted. 
THEOREM 8. Let L/K be cyclic of degree n over a finite constant field k 
with q elements. Then 
n(q - 1) ( JLG ( = hneIez ..* e,m(L/K)d(L/K). 
If all the ramified primes of K have degree 1, then 
[el ,..., etlKel , q - lb.., (et, q - 01 I JL’ I = he, *.- et . 
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Proof. When k is finite, all the terms in sequence (A) of Theorem 3 are 
finite. Set the alternating product of these orders equal to one and solve for 
1 JLG I. The result is 
1 JLG 1 = 1 DtG/PK 1 1 IP(G, PL)I 1 HlG, k*)I-1 1 r j-l. 
Using part (B) of Theorem 3 and Proposition 1, we have 
n 1 DtG/PK j = hKe,e, .a* e&L/K). 
We know j r / = &C/K) d(L/K)-l. 
Finally, from part (B) of Theorem 2 we see H1(G, PL) M W/k**. On the 
other hand, H1(G, k*) m H”(G, k*) = k*/k*“. Thus 
I HYG, PL)l I fF(G, k*)I-1 = j k*/ W 1-l = m(L/K)/q - 1. 
Putting all this information together yields the first formula. 
If all the ramified primes have degree 1, then 6(L/K) = d(L/K) by 
Theorem 4. Also, &L/K) = n[el ,..., e&l in this case. Finally, m(P) = 
(q - I/(q - 1, e), q - 1) = q - I/(q - 1, e). Thus 
m(LIK) = (4 - O/k2 - 1, ed,..., (4 - 1, edl. 
Substituting this information into the first formula yields the second 
formula. 
We point out once more that &L/K) = 1 implies d(L/K) = 1 so that in 
this case the first formula in the theorem is especially simple. 
We now specialize to the case where G is cyclic of prime order ~5’. As 
remarked earlier, S(L/K) = G if G / deg, Pi for i = l,..., t and 6(L/K) = 1 
otherwise. 
THEOREM 9. Let L/K be a cyclic extension of prime degree 4. 
(A) If&L/K) = 1 and q + l(e>, then / JLG I = /I,&-~. 
(B) If6(L/K) = 1 and q = l(e), then / JLG 1 = /I#-~. 
(C) If &L/K) = t, then j JLG / = hx&, where E = 1 if d(L/K) = 1 
and E = 0 if d(L/K) = c!. 
Proof: We begin by calculating the invariant m(L/K). From the definition 
of m(P) we see immediately that if q 9 l(8), then m(P) = q - 1 and 
consequently m(L/K) = q - 1. 
If q = W’h then m(p) = W - W’), q - 1) = ((4 - l>/e)(W - Mq - l)), 
d) = ((q - l)/G)(d, t). The last equality follows from qd-1 + qd-2 + *a* + 1 3 
d (6’) when q = I@‘). From this expression for m(P) we deduce m(L/K) = 
q - 1 when 6(L/K) = P and q - l/d when S(L/K) = 1. 
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From these observations and the fact that 6(L/K) = 1 implies Q/K) = 1 
we see that all three parts of the present theorem follow from the first formula 
of Theorem 8. 
Remark. The calculation of m(L/K) given in the proof of the theorem 
shows that when G is cyclic of prime degree &, we have H’(G, PL) w  W/k*e is 
trivial except when S(L/K) = G and q = l(e). In this later case it is cyclic 
of order c?. Using this one can prove Theorem 9 directly from Theorem 3. 
Note, also, that if @L/K) = G and q + l(L), then Hl(G, PL) = (0) and 
this implies d(L/K) = L. When q = l(e), it is not clear if the situation 
@L/e) = C and d(L/K) = 1 is really possible. 
The following theorem is an analog of Iwasawa’s result in [5]. 
THEOREM 10. Let L/K be a cyclic extension of prime degree 8. Then 
(A) If S[L/K) = 1, q 9 l(e), and t = 1, then e f h, implies L 7 hL . 
(B) If @L/K) = 1, q = l(e), and t = 2, then G T h, implies f 7 h, . 
(C) If &L/K) = IE, d(L/K) = 1, and t = 1, then C f h, implies Pr hL . 
In all other cases G / hL. . 
Proof. If we assume L’;r h, , then by Theorem 9, 1 JLG 1 is prime to 6’ in 
the three cases of the theorem and divisible by & otherwise. 
The result now follows since an &group acting on a nontrivial abelian 
t-group has a nontrivial fixed point. 
Remark. One can use Kummer theory to show that if t = 1 and q = l(e), 
then 6(L/K) = 6 On the other hand, one can construct, using class field 
theory, examples where t = 1, q f l(e), and 6(L/K) = 1. 
In the case of a noncyclic Galois group one cannot in general give precise 
results. Nevertheless, the following inequality is interesting. 
THEOREM 11. Suppose L/K is Galois with group G. Then 
n2 j JLG 1 > h,e,e, ... e,d(L/K). 
Proof. We omit the details. One uses Theorem 3, Proposition 1, together 
with the estimates 1 Hom(G, k*)l < it and / H1(G, PL)J >, 1. 
Remark. This theorem is essentially due to Madan [7]. He proves 
n2hl > e1e2 ... e,h, and also treats the non-Galois case. 
When G is of special type, more precise results are possible. If G = [G, G] 
and H2(G, k*) = (0), then 1 JLG / = h,e,e, ... e&L/K). These conditions 
hold if G is simple and the Schur multiplier of G is trivial. Examples of such 
groups can be found in [4]. 
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We now turn our attention to the /-rank of JL , where /is a prime dividing 
y1 = / G 1. If A is an abelian group, A(/) will denote the e-primary com- 
ponent of A and cA the subgroup of elements of order dividing 8. The &rank 
of A is by definition the dimension of {A over Zj8Z. This number is denoted 
by rk8A. 
THEOREM 12. Suppose L/K is cyclic of prime degree f. Assume &L/K) = 1 
and G f hK . Then 
where r = t - 2 or t - 1 depending on whether q = l(8) or not. 
Proo$ Using Theorem 9, we see that it is enough to show that with the 
given hypotheses JL(Qc is an elementary abelian &group. 
Let N = e + u + o2 + ... + ue-l E Z[G] be the norm element (a is a 
generator of G). If (II E JL(QG, then Nor = 01~. On the other hand, Nol is in the 
image of JK and has order a power of /. Since /r h, , we conclude raising to 
the /‘th power annihilates J,(e)G. 
By making various other assumptions about G, 6(L/K), etc., it is possible 
to give other results of a similar nature. We content ourselves with the 
following theorem which is due to Madan, who also deals with the non-Galois 
case [7]. 
THEOREM 13. Let L/K be Galois with Galois group G of order n. Let te 
be the number of ramtjication incides divisible by 8. Then 
rk,(JLG) 3 te - 1 - ordc n. 
ProojI Using Theorem 3, part (A), we see 
rkz(BYiG/Pd d rkl(JLG) + rk,(H’(G, k*)). 
From Theorem 3, part (B) and Proposition 1, we see 
Finally, Hr(G, k*) has order dividing n so that its maximal possible &rank 
is ordG n. 
In proving Theorem 13 we used the first three terms of the exact sequence 
of part (A) of Theorem 3. We will now use the last three terms of that sequence 
to prove a result of a different nature about rk,JLG. 
THEOREM 14. Suppose L/K is Galois with group G w Ci Z//Z, / a prime. 
Suppose, further, that q = l(e). Then 
rkc(JLG) 3 (s(s + 1)/2) - t - 1. 
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Proof. Let (y. denote the natural map from DtG to JLG. In the proof of 
Theorem 3 we showed (0) -+ coker 01-+ H’(G, PL) + r---f (0) is exact. 
Thus 
rkHl(G, Pt) < rk coker 01 + rkr < rkJLG + 1. (1) 
(For ease of notation we have replaced rk, with rk.) 
Now, (0) + H1(G, PL) + H2(G, k*) -@ H2(G, L*) is exact and by class 
field theory, (0) --f H2(G, L*) --ti CP H2(Gb , &*) is exact. The notation 
was explained in the proof of Theorem 2, part (C). Let BP be the composed 
map of /3 with the map from H2(G, L*) to H2(G9, L9*). If P is unramified, 
JQP is trivial since in the local unramified situation every unit is a norm. Thus 
(0) - HYG, f’d - H2(G, k*) - ; HYGY, LB*) 
t 
is exact, where the sum is over the ramified primes. By class field theory the 
local cohomology groups are cyclic. Therefore 
rkH2(G, k*) < rkHl(G, PL) + t. (2) 
Finally, we use a result of Yamazaki to compute H2(G, k*). If G = G, x G, 
and G acts trivially on A, then H2(G, A) - H2(G,, A) @ H2(G2, A) @ 
P(G, , G, ; A), where the latter group is the group of pairings from G, and G, 
to A. See Theorem 2.1 and the remarks which follow in [ll]. 
Using this and the hypothesis that q = l(k), one deduces 
H2(G, k*) e i ZjlZ, where r = (s(s + 1)/2). (3) 
1 
From (2) and (3) we see 
(s(s + 1)/2) - t < rkHYG, Pd. (4) 
Combining (4) with (1) gives the desired result. 
Remarks. The hypothesis q = l(e) is crucial. If q + l(e), then using the 
computation of H2(G, k*) given in the theorem, one sees H2(G, k*) = 0 and 
so coker QI = (0). 
We give a construction of extensions L/K for which the theorem applies. 
Let KilK, i = l,..., S, be a cyclic extension of K of degree G with ti > 1 
ramified primes. Assume the condition: P ramified in Ki implies P not 
ramified Kj for i f j. Then the fields are disjoint and L = K,K, ... KS is 
Galois over K with group isomorphic to C: Z/eZ. There are t = t, $ 
12 + *.. + t, primes of K ramified in L. Moreover, there can be no constant 
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field extension. Assume q = l(d) and ti < m for i = 1, 2,..., t and some 
integer m. Then by the theorem 
rkJLG 2 (s(s + 1)/2) - sm - 1. 
If we keep m fixed and let s increase, we get examples of fields with very 
large e-rank. 
We conclude this section with an application to Theorem 14 to towers of 
class fields. 
For a function field K let a be the maximal unramified elementary abelian 
E-extension of K. By class field theory, rk,G(K/K) = rkcJK + 1, where the +I 
comes from the constant field extension of degree e. Define a tower of fields 
by K = K,, , I? = KI , I?I = K, , etc. 
THEOREM 15. If q E I(/) and rkeJ, 3 3, then rk,(JKm) + co as n + co. 
Proof. Let M0 be the constant field extension of K0 of degree e. Then 
K,/M,, has no intermediate constant field exetnsions, is unramified, and 
G(K,/M,) is an elementary abelian / group of rank 23. By Theorem 14, 
rkeJ,“, 3 (3 .4/2) - 1 = 5. The theorem follows by repetition of the 
reasoning. 
Closer attention to detail shows that the Cranks go to infinity at a tremen- 
dous rate: somewhat like 32”. 
3. APPLICATIONS WHEN k IS ALGEBRAICALLY CLOSED 
When k is algebraically closed, several simplifications take place. Since 
every prime has degree 1, the formula for S(L/K) becomes n[el , e, ,..., e&l. 
Moreover, JK and JL are divisible groups with a fairly well-known structure. 
Finally, H2(G, L*) = (0) since by Tsen’s theorem the Brauer group of a 
function field over an algebraically closed constant field is trivial. This 
implies H2(G, PL) M H2(G, k*). 
As an example of what can be proved when k is algebraically closed, 
we mention the following two theorems. The proofs use the above remarks 
and the by now standard arguments beginning with Theorem 3. 
THEOREM 16. If H2(G, k*) = (0) and char k f n, then 
(0) ---f G/[G, G] --t D;‘/PK - JL~ - (0) 
is exact. 
COROLLARY. Let L/K be a cyclic unramified extension. Then the natural 
map 01: JK ---f JLG is onto. 
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THEOREM 17. Suppose L/K is unramljied and G w El Z/eZ, where 
C # char k is a prime. Then 
rkf(JLG/oI(JK)) > (s + ‘p - 2, . 
We shall now provide an example showing that d(L/K) # @L/K) in 
general. 
Let E be an elliptic curve defined over k and let ~fz be an integer not divisible 
by char k. Multiplication by m maps E onto E with kernel isomorphic to 
Z/m2 @ Z/mZ. The corresponding function field extension L/K is unramified 
and abelian with Galois group G M Z/mZ CiJ ZlmZ. Moreover, JL w JK w E 
(see [2, p. 2171). The map CC JK + JLG is onto since after identifying JK and JL 
with E, 01 corresponds to multiplication by m. 
THEOREM 18. For the extension L/K described above, s(L/K) = m2 and 
d(L/K) = m. 
Proof. Since L/K is unramified of degree m2, 6(L/K) = m2. 
Since JK --f JLG + H2(G, k*) --f r + (0) is exact and 131 is onto, we have 
H2(G, k*) is r. By Yamazaki’s theorem, H2(G, k*) w Z/mZ. The result 
now follows because r has order 6(L/K) d(L/K)-l. 
From now on we assume char k = p # 0. We wish to study rk,J, . (By 
the p-rank of an abelian group we mean the p-rank of its torsion subgroup.) 
If rk,J, = 0, we say that L is singular. 
THEOREM 19. Suppose G is a p-group. Then JLG w JK @ ker A. If L/K is 
unramified, JLG M JK . If L/K is ramified, 
rk,JLG = rk,J, + t - 1. 
Proof. Since char k = p, k* is uniquely p-divisible. It follows that both 
H1(G, k*) and H2(G, k*) are trivial. Thus 
Since JK is a divisible group, the sequence (0) -+ JK + DtG/PK + ker h --f (0) 
splits. This proves the first assertion of the theorem. 
By Proposition 1 the sequence (0) -+ ker X ---f C”, Z/eiZ ---+I Z/nZ is exact 
and 1 im X 1 = @L/K)-l. In the present case S(L/K) = n[el , e2 ,..., e&l. 
Therefore im A is cyclic of order [e, , e2 , . . ., et]. Using the elementary divisors 
theorem and the fact that each ei is a power of p, one can now show 
rk, ker h = t - 1. (We omit the details). The second assertion of the 
theorem follows. 
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COROLLARY. L is singular if and only if K is singular and at most one prime 
of K ramljies in L. 
We conclude with a generalization of a theorem of Sullivan [lo]. 
THEOREM 20. Suppose G is cyclic of degree p and that K is singular. Then 
rk,JL = (p - l)(t - 1). 
Proof. By Theorem 19, JLG = JK @ ker h. Taking p-primary com- 
ponents and using the assumption that K is singular, we find J,(P)~ w ker X 
and so rkpJL(p)G = t - 1. 
Since JL is divisible, so is J,(p). 
The remainder of the proof follows Sullivan’s argument. 
LetN=e+a+.~*+~~-~ E Z[G], where u is a generator of G. Then N 
annihilates J,(p) since the norm of an element is in JK and by hypothesis JK 
contains no elements of p-power order. Thus J,(p) is a module over 
Z[G]/NZ[G] which is isomorphic to Z[C,], where 5, is a primitive p’th root 
of unity. In Z[&,] we havep = ~(1 - &,)*-I, where u is a unit. 
Let Hi C J,(p) be the kernel of the endomorphism (1 -- CI)~. We have 
Hi C H,+1 for all i. The relation p = ~(1 - 5p)p-1 and the fact that J,(p) 
is divisible show that 1 - a is onto and H,-1 is the kernel of multiplication 
by p. Thus we seek rkpH,-, . 
The following sequence is exact: 
(0) -+ Hi + Hi+l (l--O)‘+ JL(p)G -+ (0). 
The only nonobvious fact here is that the map (1 - u)~ is onto. Let 
/3 E J,(P)~. There is a y E J,(p) such that (1 - CJ)Q) = fl. Applying 1 - u 
to both sides shows y E H,+1 . 
From the exact sequence it follows that 1 H,+l i/I Hi 1 = pt-l. Thus 
1 H,-, 1 = p(‘-l)+l) and this completes the proof. 
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